Full Name:
EEE 5502 (Fall 2022) — Practice Filter Properties, 2022

Question #1: Consider an impulse response h[n] for an FIR system.

(a) Let the coefficients of h[n| be even symmetric around some value of n (i.e., it does not have
to be symmetric around n = 0). Show that this system has a linear phase.

Solution: If we have N coefficients, we can represent them as b, where 0 < k < N. Be-
cause the coefficients are even symmetric about some center, by == by _g.

Since we don't know where the coefficients are centered, we include a constant value C' that shifts
the impulse response to its proper location (note that C' is not index of the center but the index
of leftmost edge of h[n]).

We can thus write the impulse response like this:

N
hin] =Y bidln — (k + C)]
k=0

To see what its phase looks like, we take the DTFT:

N
H(w) =Y bpdln — (k + C)]e ¢+ +0)
k=0

Given that the coefficients are symmetric (by = by—_x), we can change the range of kto 0 < k <

%, with some modifications to include the exponential from both k and N — k:
N/2
H(w) = Z bké[n — (k + C’)](e*jw(k+0) + e*jw(N*k+C))
k=0

We can expand the exponentials and divide out a common factor:

N/2
H(w) = Z brd[n — (k + O)](e Iwke 10 4 giwko=iwCmjwl)
k=0
N/2
H(w) = 3" brdln — (k + C))(e794C)(e=9F 4 lkeioN)
k=0
This form is slightly unpleasant, and its phase is not very obvious. To try and get only one

exponential term, we can pull a factor out from the exponentials that allows us to use Euler's
formula:

N/2
H(w) — Zbké[n _ (k‘ + C)](e—ij)(e—ij/Q)(e—jwkeij/2 + ejwke—ij/Q)
k=0



Applying Euler's formula (2 cos(z) = e/% 4 e=7%):

N/2
H(w) = bd[n = (k+ C))(e ) (e 7N/?)(2 cos(k — N/2))
k=0

This new expression only has one complex portion, which gives us the phase.

(e—ij)(e—ij/Q) _ e—jw(C+N/2)

This phase is linear with a constant slope of C'+ N/2.

Let the coefficients of h[n| be odd symmetric around some value of n (i.e., it does not have
to be symmetric around n = 0). Show that this system has a linear phase. (Note: you can
just explain how your previous proof changes)

Solution: The only difference here is that now, b, = —by_;. We can still perform the same
steps as above, but with some sign changes. When it comes time to perform Euler’'s formula, we
must use the form —2jsin(z) = e/® — e~7%. This produces a fully imaginary value, which does
not change the slope of the phase. The phase remains linear.
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