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EEE 5502 (Fall 2022) — Practice Fourier Transform Properties, 2022

Question #1: Prove the following for a signal z(¢) and its Fourier Transform X (£2).
(a) If x(¢) is real, then X (Q) = X*(—Q), where (-)* is the complex conjugate

Solution: A real signal satisfies:

So, we can do

Hence, we get that

(b) If x(t) is real and even, then X (w) is real and even
(hint: X (Q) is even if X (Q) = X(—Q) and X (w) is real if X(Q2) = X*(Q))

Solution: An even signal satisfies:



So, we can do

X(Q) = /OO z(t)e ¥ dt

— 00

:/ z(—t)e % dt

— 00

Perform change of variables: 7 = —¢

_ [ /_ Z 2(r)e dtr
_ { / Z (r)e I dtr

= X(-0)
Hence, we get that X (w) is even.
If we also apply X (Q2) = X*(—Q), we get

X(Q) = X(-Q)
= X*(®)

Hence, we get that X (w) is real.

(c) If z(t) is real and odd, then X () is imaginary and odd

Solution: An odd signal satisfies:

Also, a signal is imaginary if



So, we can do

X(Q) = /_OO x(t)e 7% dt

= / —x(—t)e ¥ dt

— 00

Perform change of variables: 7 = —t¢

_ [/_Z ()l dt] ’
_ { / Z i (r)e ST dt] *

= —X(-0)
Hence, we get that X (w) is odd.
If we also apply X (Q2) = X*(—Q), we get

X(Q) = —X(—Q)
= —X"(©)

Hence, we get that X (w) is imaginary.



Question #2: Use the definitions of the discrete-time Fourier transform (DTFT) / inverse DTFT
to answer the questions below. As a reminder, the DTFT / inverse DTFT is defined by
- 1
X(w) = Z x[n]e Iwn , zn) = — | X(w)e*"dw

2w
n=—00 2m

(a) Show that the DTFT of a signal is always periodic with a period of 2.

Solution:
X(w) = Z x[n]e 7
X(w+2m) = Z z[n]e~I(WF2mn
X(w+27m) = Z z[n]e Iwne I
X(w+2m) = Z z[n]e 7“™(1) since n€Z
n=—00
X(w+2m) = Z z[n]e ¥ = X (w)

Therefore X (w) is 27 periodic

(b) Show that if x[n] is real, then its DTFT X (w) has conjugate symmetry:
X(w) = X*(-w)

Solution:
X(w) = Z x[n]e "
X(—w) = Z z[n]elm
X (~w) = Z x*[n]e” 7«
Real signal :  X[n] = X*[n]
X*(~w) = Z x[n]e Jwn



(c) Show that if x[n] is real (the complex case is not much more difficult), then

o)

Xe(w) = Z xe[n] cos(wn) , Xo(w) =—j Z Zo[n] sin(wn)

n=—oo n=—oo

where z.[n] and z,[n] are the even and odd parts of x[n], respectively.

Solution:
X(w) = n_io zln]e3n
X(w) = nioo(xe[n] +a[n])e?"
X(w) = ni@e[n} + 2o[n])(cos wn — j sinwn)
X(w) = nio ze[n](coswn — jsinwn) + ni@ zo[n](coswn — jsinwn)

recall that sum of odd functions go to zero

[e.o] o0

X(w) = Z Ze[n] coswn — j Z Zo[n] sinwn

n=—oo n=—oo

X(w) = Xe(w) + Xo(w)



Question #3: Rectangular functions are used throughout signal processing and other fields (e.g.,
an aperture of a camera in two-dimensions can be represented by a rectangle and its effect on
images is a convolution). Hence, the CTFT or DTFT of the rectangular function is also commonly
used. In this problem, let’s derive the DTFT of a rectangular function. That is, show that following
DTFT pair is true:

z[n] =uln+ N] —uln — N — 1]
_ sin(w(N +1/2))
X =G

You may use the DTFT tables to show this, except do not use the row of the table that explicitly
gives this relationship. !

Solution:

z[n] = u[n + N] —uln — N — 1]

[e.o]

X(w) = Z z[n]e74m
X(w) = Z (u[n+N] — ’LL[TL — N — 1])efjwn
X(w) = Z (u[n + N] —uln — N — 1])e™7*"
n=—N
N .
X@) = 3 (e
n=—N

Sum of a geometric series with a common ratio of €7 and length 2N + 1

] _ e—iw(2N+1)
_ _JjwN
X(W) —° 1-— e—jw
X (w) = /9N e=Iw(N+1)/2 eJWRN+D/2 _ g—jw(2N+1)/2
w) =e€ e

efjw/Q(ejw/Q _ efjw/Z)
_ pJwN g—jw(2N+1)/2 (24 sin(w(2N +1)/2)
e~Iw/2(2j5 sin(w/2))
ignore the phase terms
~ 2jsin(w(N +1/2)

X(w)

XW) = = w2
_ sin(w(N +1/2))
X =G

"Hint: You may want to use something similar to 1 — ™% = e_j“’/z(e*'j‘"/2 — e Iw/2)
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