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For full credit when sketching: remember to label axes and make locations and ampli-

tudes clear.
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Question #1: Consider the DTFT of the signal z[n] (i.e., X (w)) shown below.

X(w)
12 A
T T T 1 w
& lr -0.57-12 0.pm 1 At
-24

(a) (4 pts) What is the maximum achievable downsampling factor for 5x[n] without aliasing?

Solution: The maximum downsampling factor is 2

(b) (7 pts) Sketch the DTFT (from w = —37 to w = 3m) of z[n| after downsampling by 3
(with no anti-aliasing filter). Remember to label important locations / values.

Solution:
Y(w)
f | I T ! g | T | | ! w
27 -lm -0.57 0.5m I 27

(c) (8 pts)  Sketch the DTFT (from w = —37 to w = 37) of z[n| after downsampling by 4
(with an anti-aliasing filter). Remember to label important locations / values.

Solution:
Y(w)
7 I —— |
| | | T T | w
27 -lr -0.57 0.5 1 27
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Question #2: Consider the DTFT of the signal z[n] (i.e., X (w)) shown below.

X(w)
12 A
T T T 1 w
& lr -0.57-12 0.pm 1 At
-24

(a) (8 pts) Sketch the DTFT (from w = —37 to w = 3m) of z[n] after upsampling by 2 (with
an interpolation filter). Remember to label important locations / values.

Solution:
Y (w)

I T T T T 1 w
-47? I 1w -0.57-24 0.57 1 At |
-48

(b) (7 pts) Sketch the DTFT (from w = —37 to w = 3m) of z[n| after upsampling by 2 (with
no interpolation filter). Remember to label important locations / values.

Solution:
Y(w)
48 -
I [] [] ] [] []
L S S YUY N PO -

-48
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Question #3: Consider a 2-channel filter bank shown below.

XO(Z) YO(Z) ZO(Z) VO(Z)
o P A
Xz)_| — — V(z)
LMY e . A% .zl S "? e

Let the filters be defined by the frequency domain expression

A

y

Ho(w) = Go(w) = V2sin(w/2)
(a) (7 pts) Choose a filter H;(w) = G1(w) that satisfies the alias canceling conditions.

Solution: The alias canceling conditions:

H()(W)Go(w) -+ Hl(w)Gl(w) =2

Hg(w — W)Go(w) + Hl(w — W)Gl(w) =0
2sin(w/2) sin(w/2) + H1(w)G1(w) = 2

2sin((w — 7)/2) sin(w/2) + Hy(w — 7)G1(w) =0
2sin?(w/2) + Hy(w)G(w) = 2
2cos(w/2)sin(w/2) + Hi(w — m)G1(w) =0

If we choose Hi(w) = G1(w) = v/2cos(w/2),
2sin?(w/2) + 2 cos?(w/2) = 2
2 cos(w/2) sin(w/2) + 2 cos((w — 7)/2) cos(w) =0

2sin’(w/2) + 2 cos?(w/2) = 2
2 cos(w/2) sin(w/2) — 2sin(w/2) cos(w) = 0
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(b) (7 pts) Let X(w) = cos(w/2). Compute the intermediate signal Vp(w).

Solution: The frequency response at Vj(w) is

Vo(w) = (1/2) [Ho(w) X (w) + Ho(w — m) X (w — )] Go(w)
= (1/2) [sin(w/2) cos(w/2) + sin((w — ) /2) cos((w — 7)/2)] Go(w)
= (1/2) [sin(w/2) cos(w/2) — cos(w/2) sin(w/2)] Go(w)
0

(c) (4 pts) (True or False) When the alias canceling conditions are met, Vy(z) = Vi(2).

Solution: False, alias canceling ensures that Vy(z) + V1(z) = X(z), which is not guaranteed to
be true when Vj(z) = Vi(z).
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Question #4: Consider the following wavelet bank and filter bank.

Let the high pass filter H(z) and low pass filter G(z) be defined by frequency responses:

Gw) = Z u(w+7/2 = 2rk) — u(w — /2 — 27k)
k=—oc0

H(w) = Z wlw+ /2 — 1 —27k) —u(w — /2 — 7 — 27k)
k=—o00

Use the Noble identities to simplify the wavelet bank (left) diagram and represent it as a filter
bank (right). Determine M, My, and Ms. Sketch |Fi(w)|, |Fa(w)|, and |F3(w)|.

Solution: My =2, My =4, M3 =4,

H(w) H(2w)
B i L T
: : : . W L . i
=27 -1=0.57 | 0.57w 1w 2w 27 -17=0.57 | 0.57w 1w 27
-1 -1
G(w) GQ2w)
=27 -1=0.57 | 0.57w 1w 2w =27 -1=0.57 | 0.57w 1w 2w
-1 1 -1 1
F, (@) F ()
—| 1 4 |_ D D I:l 4
‘ ' ' ‘ ‘ W w
27 -1=0.57 | 0.57w 1w 2w 27 -1=0.57 | 0.57w 1w 2w
-1 -1 1
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Table of Discrete-Time Fourier Transform Pairs:

Discrete-Time Fourier Transform X(w) = Z x[n]e Iwn
1 .
Inverse Discrete-Time Fourier Transform x[n] = o X(w)el dw .
T Jox
x[n] X(w) condition
"uln) 1 o <1
a"uln = a
(n+ Dauln 1 <1
n a"uln 0 —ac7o) a
(n+r—-1)" 1
nl(r—1)! a"uln) (1 —aeiv) o] <1
d[n] 1
d[n — ny) e~Jwno
z[n] =1 27 Z d(w — 27k)
k=—oc0
] LY - 2nh)
uln =~ k:_oow w— 27
elwon 27 Z d(w — wo — 27k)
k=—0o0
cos(won) T Z {0(w —wo — 27k) + 0(w + wo — 27k) }
k=—0oc0
sin(won) T Z {6(w —wo — 27k) — d(w + wo — 27k)}
J
k=—o00
> Y 2k
k=—00 k=—o00
o] = L In[<N  gin(w(N +1/2))
B sin(w/2)
0, |n|>N

I, 0<|w W
X(w) =

0, W<lw<n

X (w) is periodic with period 27




Table of Discrete-Time Fourier Transform Properties:

DTFT

X(w) and yln

DTFT
| +—

For each property, assume

Y(w)

Property Time domain  DTFT domain
Linearity Az[n] + By[n] AX(w)+ BY (w)

Time Shifting z[n — ng X (w)eJwmo

Frequency Shifting z[n]elwon X(w—wp)

Conjugation x*[n] X*(—w)

Time Reversal x[—n] X(—w)

Convolution x[n] * y[n] X(w)Y (w)
Multiplication 2[nlyln] L[ x0)v(w -0y

Differencing in Time
Accumulation
Frequency Differentiation

Parseval’s Relation for Aperiodic Signals

z[n] — zn — 1]

2 koo 2[H]

PR oo K]

27 2

(1—e79)X (w)

L +7X(0) 00 6(w — 27k)

AdX (w)
dw

% f% |X(w)|2dw




Table of Z-Transform Pairs:

oo
Z-Transform X(z) = Z x[n]z™"
n=-—00
1
Inverse Z-Transform [n] = — j{ X ()"l dz
215 Je
x[n] X(w) ROC
1
" uln] — 21 > o
1
—a"u[-n — 1] T |z| < |al
-1
n az
na"uln] A= az 1) |z| > |al
-1
az
—na™ul—n — 1
na"ul—n — 1] (1= az1)2 |z| < |al
d[n] 1 All z
d[n — no) z7 "o All 2z
1
>1
1 — 271 cos(wp)
1
cos(won)u[n] 1—2z71cos(wp) + 272 12l >
2z~ sin(wp)
i >1
sin(won)u[n] 1= 22 Tcos(wy) 1 22 ||
1 —az ! cos(wp)
n
a” cos(won)uln] 1 —2az"1cos(wp) + a?z=2 121> lal
—1 .
a" sin(won)uln] az__sin(w) |z| > |al

1 — a2z cos(wp) + a?2~2
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Table of Z-Transform Properties:

x[n] AN X(z)

For each property, assume

and y[n] AN Y(z)

Property Time domain  Z-domain
Linearity Az[n| + By[n] AX(z)+ BY(2)
Time Shifting x[n — no) X(z)z~m0
Z-scaling az[n) X(a=12)
Conjugation x*[n] X*(z*)

Time Reversal x[—n] X(z7h
Convolution x[n] * y[n] X(2)Y(2)
Differentiation in z-domain nz|[n] — d)éiz)

Initial Value Theorem

x[n] is causal

11
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