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full credit when sketching: remember to label axes and make locations and ampli-

tudes clear.

Before starting the exam, read and sign the following agreement.
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No calculators or computers may be used

No textbooks or additional notes may be used

No collaboration is allowed

No cheating is allowed
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Question #1: Consider the DTFT of the signal z[n] (i.e., X (w)) shown below.

X(w)
10
\ /\ 5 /\ /
T T f T Y f T T T 1 w
27 -157 -lw  -0.57 -5 0.57 17 1.57 27

-10

(a) (9 pts) Sketch the DTFT (from w = —37 to w = 3m) of z[n] after downsampling by 2
(with no anti-aliasing filter). Remember to label important locations / values.

Solution:
Y (w)
‘/|\|T/|S’\ITA w
2 =157 -lm  -0.57 -5 0.57 17 1.57 27

(b) (8 pts) Sketch the DTFT (from w = —37 to w = 37) of z[n] after downsampling by 3
(with an anti-aliasing filter). Remember to label important locations / values.

Solution:

Y(w)

3.3333

I 1 1 1 1 1 1 1 w

| |
27 157 -lIn —0.35%333“ 0.57 I 157 27
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Question #2: Consider the DTFT of the signal z[n] (i.e., X (w)) shown below.

X(w)
10
\ /\ 5 /\ /
T T f T Y f T T T 1 w
27 -157 -lw  -0.57 -5 j 0.57 17 1.57 27
-10

(a) (9 pts) Sketch the DTFT (from w = —37 to w = 3m) of z[n] after upsampling by 3 (with
an interpolation filter). Remember to label important locations / values.

Solution:
Y(w)
30
\_/ N/ NA
=27 -0.337 F.167r 2

(b) (8 pts) Sketch the DTFT (from w = —37 to w = 3m) of z[n| after upsampling by 2 (with
no interpolation filter). Remember to label important locations / values.

Solution:
Y(w)
201
10
| I I I I [ I I I | w
27 -157 -1« —0.57r-10i 0.5m Im 1.57 27
-20
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Question #3: Consider the desired frequency response

eI etiw o 1
T1- (/2 T1-(1j2)ee (@)

Haalw) = e

(a) (8 pts) Approximate Hg,(w) with a length N = 5 windowing method. Use a rectangular
window. Force the resulting filter to be causal and linear phase. Sketch the time-
domain filter coefficients hy[n] with these requirements.

Solution:
ha[n] = (1/2)" tufn — 1] + (1/2) " tu[—n — 1]
After shifting by (N — 1)/2 = 2 samples to force casually and a linear phase, the solution is:

h,[n]

(b) (8 pts) Approximate Hgy(w) with a length N = 5 frequency sampling method. Force
the resulting filter to be causal and linear phase. Compute the time-domain filter
coefficients hy[n] with these requirements.

Solution: The frequency coefficients up to 7 are:

1 1

= H = — = —

wo =0 ) =17773

2r(1) 11

- Hy(2n/5) = —— = -

W1= Ty a7/5) = 177 = 3

2m(2) 11

= H,y(4 ===

w2 5 d( 77/5) 1 +1 2

Therefore,
1 2 4
hb[n]:§+cos <57r(n—2)>+cos (;(n—2)> for 0<n<4



Full Name: ExamlID: 010001
EEL 4750 / EEE 5502 (Fall 2018) — Exam #03 Date: Dec. 4, 2018

Question #4: Consider the desired filter transfer function

5 N 5
s—j—1 s+j—1

Hgy(s) =

(a) (8 pts) Approximate Hy(s) as a discrete-time IIR filter by approximating the differential
equation with a sampling rate T' = 1. Determine the resulting z-domain poles and zeros.

Solution: s — (1 —271)

5 5
H,(2) =
(2) Q-2 —j-1 (1-21)+j-1
5 5
IR

poles: z = —j,7
zeros: z = 0,00

(b) (8pts) Approximate Hy(s) as a discrete-time IIR filter using the impulse invariance method
with a sampling rate 7' = 7. Determine the resulting z-domain poles and zeros.

Solution: Poles: s =j+1,—j+1

5 5
Hy(z) = 1 = oGt L1 T 1= (Gt 1
5 5
= — — + — —
1—edmtmy=l 1 — e-jmtmy—1
B 5 N 5
T laemyl 1 gpemyl
10 10z

14+emzl  z4em

poles: z = —e™

zeros: z =10
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Question #5: Consider a 2-channel filter bank shown below.

XO(Z) YO(Z) ZO(Z) VO(Z)
o P A
Xz)_| — — V(z)
LMY e . A% .zl S "? e

Let the filters be defined by the impulse responses

A

y

ho[n}—go[—n]—\}(5[n1+6[n—11> R N 3 ey g

- (31n] — 8l — 1)

Sl

(a) (8 pts) Compute vgo[n] (inverse z-transform of Vy(2)) for X (z) = 271 + 272
Solution: Solution via z-transform:

X(z) =214 272

Ho(2) = —(1+57)
Goz) = (=1 +1)
Xo(2) = \2({1 b)Y = \2 (' + 222 4 29

Yo(z) = % [Xo(=/2) + Xo(~2/2)]

= 2\1/5 Kz*l/z + 22722 4 z*3/2) + (—z*1/2 +2272% 4 —z*?’/QH = 23‘@22/2
Zo(z) = \22’2

OOOOOOOllOOOO
e ¢ o ¢ o <

00 0 0 0 0 P 0 0 0
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Yoln]
1.41

0000000|00000
e o o o o ¢

z,[n]
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(b) (5 pts) (True or False) Assuming orthogonal filter bank conditions are met, V(z) does
not change if we switch the downsampling and upsampling operations. Briefly justify why.

Solution: False. Short Answer: Switching the downsampling and upsampling operations
changes the reconstruction conditions. Switching them cause each operation to cancel each other
out. Hence, Vj(2) = Xo(2) and Vj(2) = Xo(2).

Long Answer: Mathematically, our old arrangement above would get

Yo(z) = + [Xo(=1/2) + Xo(—2"?)]

[Xo(2) + Xo(—2)]

l\')M—‘[\’)M—‘[\D

[Xo(2) + Xo(—2)] Go(2)

Similarly,

M) = 3 () + X (-2) G

With the new arrangement, we will get
Yo(z) = Xo(z*)
Z0(2) = 5 [Xol(22)) + Xo((—'2)?)]

= 2 [Xo2) + Xo(2)] = Xo(2)

Vo(z) = Xo(2)Go(2)

Similarly,

Vi(2) = X1(2)Ga(2)
So,

V(z) = Xo(2)Go(z) + X1(2)G1(2)
= Xo(2) [Ho(2)Go(2) + Hi(2)G1(z)]
— Xo(2) [Ho(2)Ho(z ™) + Hy(2)Hi ()]

This is a different V'(2) than in our original scenario.
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(c) (5 pts) (True or False) Assuming orthogonal filter bank conditions are met, V(z) does
not change if we time-reverse every filter impulse response. Briefly justify why.

Solution: True. Short Answer: Switching filters does not change the reconstruction con-
ditions, only the filters. Furthermore, since the right-hand side of the conditions is not dependent

on z, changing z — 2z~ ! does not change the result.

Long Answer: The orthogonal filter bank conditions are typically

Ho(2)Ho(z™ 1) + Ho(—2)Ho(—271)
Hl(Z)Hl(2_1> + Hl(—Z)Hl(—Z_l)
Ho(2)Hyi(2~") + Ho(—2)Hi(=2"")

2
2
0

The reconstruction condition now turns into
Ho(z" Y Ho(z) + Ho(—2")Ho(—2)
Hl(Z_I)Hl(Z) + Hl(*Z_I)Hl(*Z)
H()(Zil)Hl(Z) + Ho(—zil)Hl(—Z)

2
2
0

and remains satisfied.
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Question #6: Consider the following wavelet bank and filter bank.

Let H(z) and G(z) be defined by the transfer functions:
H(z)=1 , G(z) =21

(a) (6 pts) Use the Noble identities to simplify the wavelet bank (left) and represent it as a
filter bank (right). Determine M, My, M3, Fi(z), F2(z), F3(z). Fully simplify.

Solution: My =2, My =4, M3 = 4.

10
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(b) (10 pts) Let xz[n] = &[n]+28[n— 1]+ 38[n — 2]+ 46[n — 3]+ 56[n — 4]. Sketch M [n], P)[n],
a@[n] (the inverse z-transforms of SV (z), 53 (z), and a®(2)).

Solution:

) OO 00O O O0O0OQP
[ e e

) OO0 O0OO0O0O00P

e—9 6 6 6 & & ¢

11

)00000000|000000
L e

d[n] + 3d[n — 1]
20[n — 1]
40[n — 1]
0 0 0 ) 0000 O0O0O
n
0 0 (
n
5
0o >O0O0O0OOOOO
n e—9 © 6 6 6 ¢ ¢
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Table of Discrete-Time Fourier Transform Pairs:

Discrete-Time Fourier Transform X(w) = Z x[n]e Iwn
1 .
Inverse Discrete-Time Fourier Transform x[n] = o X(w)el dw .
T Jox
x[n] X(w) condition
"uln) 1 o <1
a"uln = a
(n+ Dauln 1 <1
n a"uln 0 —ac7o) a
(n+r—-1)" 1
nl(r—1)! a"uln) (1 —aeiv) o] <1
d[n] 1
d[n — ny) e~Jwno
z[n] =1 27 Z d(w — 27k)
k=—oc0
] LY - 2nh)
uln =~ k:_oow w— 27
elwon 27 Z d(w — wo — 27k)
k=—0o0
cos(won) T Z {0(w —wo — 27k) + 0(w + wo — 27k) }
k=—0oc0
sin(won) T Z {6(w —wo — 27k) — d(w + wo — 27k)}
J
k=—o00
> Y 2k
k=—00 k=—o00
o] = L In[<N  gin(w(N +1/2))
B sin(w/2)
0, |n|>N

I, 0<|w W
X(w) =

0, W<lw<n

X (w) is periodic with period 27

12



Table of Discrete-Time Fourier Transform Properties:

DTFT

X(w) and yln

DTFT
| +—

For each property, assume

Y(w)

Property Time domain  DTFT domain
Linearity Az[n] + By[n] AX(w)+ BY (w)

Time Shifting z[n — ng X (w)eJwmo

Frequency Shifting z[n]elwon X(w—wp)

Conjugation x*[n] X*(—w)

Time Reversal x[—n] X(—w)

Convolution x[n] * y[n] X(w)Y (w)
Multiplication 2[nlyln] L[ x0)v(w -0y

Differencing in Time
Accumulation
Frequency Differentiation

Parseval’s Relation for Aperiodic Signals

z[n] — zn — 1]

2 koo 2[H]

PR oo K]

27 2

(1—e79)X (w)

L +7X(0) 00 6(w — 27k)

AdX (w)
dw

% f% |X(w)|2dw
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Table of Z-Transform Pairs:

oo
Z-Transform X(z) = Z x[n]z™"
n=-—00
1
Inverse Z-Transform [n] = — j{ X ()"l dz
215 Je
x[n] X(w) ROC
1
" uln] — 21 > o
1
—a"u[-n — 1] T |z| < |al
-1
n az
na"uln] A= az 1) |z| > |al
-1
az
—na™ul—n — 1
na"ul—n — 1] (1= az1)2 |z| < |al
d[n] 1 All z
d[n — no) z7 "o All 2z
1
>1
1 — 271 cos(wp)
1
cos(won)u[n] 1—2z71cos(wp) + 272 12l >
2z~ sin(wp)
i >1
sin(won)u[n] 1= 22 Tcos(wy) 1 22 ||
1 —az ! cos(wp)
n
a” cos(won)uln] 1 —2az"1cos(wp) + a?z=2 121> lal
—1 .
a" sin(won)uln] az__sin(w) |z| > |al

1 — a2z cos(wp) + a?2~2

14



Table of Z-Transform Properties:

x[n] AN X(z)

For each property, assume

and y[n] AN Y(z)

Property Time domain  Z-domain
Linearity Az[n| + By[n] AX(z)+ BY(2)
Time Shifting x[n — no) X(z)z~m0
Z-scaling az[n) X(a=12)
Conjugation x*[n] X*(z*)

Time Reversal x[—n] X(z7h
Convolution x[n] * y[n] X(2)Y(2)
Differentiation in z-domain nz|[n] — d)éiz)

Initial Value Theorem

x[n] is causal

15
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